290 CHAPTER 4 Exponential and Logarithmic Functions

Figure 17 StEP 1: In the equation y = x%, x = 0, interchange the variables x and y. The result
v, f(x)ax?,xzﬂy=x x:yz y=0 |
2 This equation defines (implicitly) the inverse function.
s> %) =V
- STEP 2: Solve for y to get the explicit form of the mverse Smce y = 0, only ope
solution for y is obtained: y = V/x. So f~ Yx) =
1 | .
2 X SteP3: - Check: fL(f(x)) =F1(x?) = Va* = |x|'= xsince x = 0
f(F7H() =f(\/_') = (V) =x

Figure 17 illustrates the graphs of f(x) = x% x'= 0, and f™ (x) = V. Note
that the domain of f = range of f~ ~1 =0, 00) and the domain of f

f =10, c0).

SUMMARY

= range of

0]

1. If a function f is one-to-one, then it has an inverse function f &

2. Domain of f-= Range of f71; Range of f = Domain of .

3. To verify that £ 1 is the inverse of f, show that £~ ( f( x)) = x for every x
in the domain of f and that f(f1(x)) = x for every x in the domain of f

4, The graphs of f and ' are symmetric with respect to the line y = x.

S —

4.2 Assess Your Understanding

‘Are You Pfepared?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red.

1. Is the set of ordered pairs {(1,3),(2,3),(-1,2)] a
function? Why or why not? (pp. 45-46) ‘

2. Where is the function f(x) = x? increasing? Where is it
decreasing? (p. 68) J

3. What s the domain of f(x) = o

2 (pp. 49-51
T bp—ig B

Concepts and Yocabulary

1
; +1
4, Simplify: 1 (pp- A50-A52)
=21 ‘
x !

-t —_

5. If x; and x, are any two different inputs of a function f, then
fis one-to-one if

6. If every horizontal line intersects the graph of a function f at
no more than one point, f is a(n) function.

7. If f is a one-to-one function and f(3) =38, then
8 =___

Skill Building

‘8. If f ! denotes the inverse of a function f, then the graphs of f
and f 1 are symmetric with respect to the line

-9, If the domain of a one—to one function f is [4, 00), then the
range of its inverse, f 7%,

10. True or False If fand g are inverse functions, the domain of
f is the same as the range of g.

In Problems 11 —18 determine wherher the function is one-to-one.

\ 5
N1l pomam . - - - Range

20 Hours . = $200 I
O I "
30 Hours - - $350 |
40 Hours - > $425

12, i Range

- Karla
>~ Debra
—= Dawn
—- Phoebe




5 ((2,6), (=3,6), (4,9), (1,10))
11(0.0), (1,1), (2,16), (3, 81)}

25,

13.  Domain Range
| 20Hours . 5200
"
25 Hours - .
30 Hours > $350
40 Hours §425

14

o Problems 19-24, the graph of a function fis given. Use the {rorizonml—line test to determine wh

20, Y
D3
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Domain

16, {(-2,5), (—~1,3), (3,7), (4,12})
18. {(1,2),(2,8), (3,18), (4,32)}

21.

Range
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ether f is one-to-one.

23,

Annual Prscipitation

Location {Inches}

Atlania, GA 497

Boston, MA 43.8

Las Vegas, NV 4.2

Miami, FL 61.9

Los Angeles, CA 128

Source: currentresulis.com
27 Monthiy Cost

Age of Life Insurance
30 $10.55

40 —

45 —

Source: acequotescom

+2

e

3, f(x) = dx — 8 g(x) =

e §1289
.

$19.29

29, {(-3,5), (-2,9), (—1,2). (0, 11), (1, —-5}} .
3L {(mz: 1), (“3’ 2)! (ﬁl[}’ 0)’ (1’ 9)’ (2! 4)}

In Problems 33—42, verify that the functions f and g are inverses of each other by showing that f( g(x)
values of x that need to be excluded from the domain of f and the domain of g.

W) =k g(n) = 10— 4)

_In Problems 25-32, find the inverse of each one-to-one function. State the domain and the range of each inverse funclion.

3 x —3
— 3 -
2. y
3
=
) 1 ] Ly
3 x -3 3x
26. Domestic Gross
Title {in millions)
Avafar 761
Titanic $659
Marvel's The Avengers —> 8623
The Dark Knight $535 )
Star Wars: Episode One — $475
The Phantom Menace

Sourcer boxofficemojo.com

28, ~ State

Unemployment Rate

5.6%

Virginia

9.7%

Nevada

7.7%

Tennassee -

6.3%

Texas

I

" Sowrce: United States Burean of iabor Statistics, Jan. 2013

30. {(—2,2), (;1, 6), (0,8), (1, -3), (2.9}
32, {(—2,-8), (_—~1,—1), (0,0), (1,1), (2,8)}

) = xand g (f(x}) = x. Giveany

34, flx) =3-2v gx) = ﬁé(.r -3)

36, flx) =2x+6; g{x) = %x -3
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. 1
3. f(x) =5 8l =
x + 3
—f—Z;L; g(x)

4 — 3
2—x

41. f(x) =

In Problems 43-48, the graph of a one-to-one function f is given. Draw the graph

hint), the graph of y = x is also given.

Ny 43,

y{; }'3)(
3 .
{1.2)
B
(0’1)1/
i(_-ILO)J./ S B |
-3 34X

{(-2.-2)

In Problems 49-60, the function f is one-
49, f(x} = 3
N\ 51, f(x) = dx + 2
53, flx) =+~ 1

37 flx) =¥ — 8 g(x) = Vx + 8

rithmic Functions

M. f(x) =x gx) =x

¥ -
4z f(x) TR

38 flx) = (x—2)3x=2 g(x¥) = Vx+2

g{x) =

Ax -+ 5
1-—2x

of the inverse function f 1 For convenience {and g5 4

44, y y=1x 45, y) y=x
3.
: - {23}
H ’ 2
B 1 y"’}i L ‘ L1 ¢
=3 0,0 3X -3 V4 3 X
(#1: _1) B
(-2, -2) (0, -1
—3 b =31
48. ¥ qy=x
2 -
L 1 t I
-2 2 X
| # —Zr‘

to-one. Find its inverse and check your answer. Graph f, f ™ and y
50, f(x) = —4x
52, filx) =1-3x
54, f(x) =% +1

55. f(x) =x*+4 x=0 56, f(x) =x*+9, x=0
52, 1) = 8. f(x) = ==
5. flx) =3 60. f(x) =13
In Problems 61-72, the function f is one-to-one. Find its inverse and check your answer. .,
6L f(x) = 355 o flxy =53
63. f(x) = ;3—:5 64, f(x) =~ A-,Qfl
N 65, f(x) = ;f ; 66. f(x) =~ 3?': !
67 f(x) = Zi j: 68. f(x) = Qf+— j
69. f(x) = ?;‘:23 0. f(x) = %3{_74
* -4 '72.f(x)=%§2—3, x>0

7. f(x) = “x—zxz—, x>0

= x on the sante coordinate axes

—

Applications and Extensions

73. Use the graph of y = f{x} given in Problem 43 to evaluate

the following:
@ f(-1) O @) @ (2)

74, Usethegraphofy = f(x) giveninProblem44toevaluate the

following:
‘) (&) F7(0) (@ F (-1

@ f(2)  ®f()
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5, If f(7) = 13 and fis one-to-one, what is F1(i3)2 83, Find the inverse of the linear function
 [fg(~5) = 3 and g is one-to-one, what is g (3)? f(x) =mx+b, m#0

7. The domain of a onc-fo-one function f is [3, ©0), an_c} its 84. Find the inverse of the function
range is [—2, 00). Sfate the domain and the range of = ) -
. The domain of a one-to-one function f is [0, ©0), and its fy=Vre-x% 0=x=7r

range is {5, 00 ). State the domain and the range of f . 85. A function flhas an inverse function. If the graph of flies in
9, The domain of a one-to-one function g is (—©0, 0], and its quadrant I, in which quadrant does the graph of flie?
range is [0, ©0). State the domain and the range of g 86. A function f has an inverse function. If the graph of f lies in
‘40, The domain of a one-to-one-function g is [0, 15], and its quadrant I, in which quadrant does the graph of fie?
- range is (0, 8). State the domain and the range of g™, 87. The function f(x) = |x| is not one-to-one. Find a suitable
1. Afunction y = f(x) is increasing on the interval (0, 5). What restriction on the domain of f so that the new function that
conclusions can you draw about the graph of y = f~ ! (x)? results is one-to-one. Then find the inverse of .
9, A function y = f(x) is decreasing ont.the'interval (0, 5). 88. The function f{x) = x* is not one-to-one. Find a suitable
What conclusions can you draw -about: thesgraph of . * restriction on the domain of £ so that the new function that
y=f(x)? results is one-to-one. Then find the inverse of f.

In applications, the symbols used for the independent arid dépendent variables are often based on common usage. So, rather than using
y = f(x) to represent a function, an applied problem might use C = C{(q} to represent the cost C of manufacturing q units of a good
since, in econontics, g is used for outpul. Because of this, the inverse notation f L used in a pure mathematics problem is not used when
ﬁnding inverses of applied problems. Rather, the inverse of a function such as C = C(q) will be ¢ = g(C). S0 C = C(q) is a function
that represents the cost C as a function of the output ¢, and q = g (C) is a function that represents the output q as a function of the cost

C Problems 89-92 illustrate this idea.
(a) Express the temperature in degrees Celsius C as a

- 80, Vehicle Stopping Distance Taking into account reaction time, function of the temperature in degrees Fahrenheit .

the distance d (in feet) that a car requires to come to a complete (b) Verify that C = C(F) is the inverse of F = F(C) by
stop while traveling r miles per hour is given by the function showing that C(F(C)) = C and F(C(F)) = F
d(r) = 697 - 90.39 (¢) Whai is the temperature in degrees Celsius if it is
(2) Express the speed r at which the car is traveling as 70 degrees Fahrenheit?
a function of the distance d required to come fo a 93, Income Taxes The function
complete stop. T(g) = 499125 + 0.25(g — 36,250)

(b) Verify that r = r{d) is the inverse of 4 = d(r) by
showing that r(d(r}) = rand d(r(d)) = d.

(c) Predict the speed that a car was traveling if the distance
required to stop was 300 feet.

represents the 2013 federal income tax 7 (in dollars} due
for a “single” filer whose modified adjusted gross income is
g dollars, where 36,250 < g = 87,850.

. . . » {a) What is the domain of the function T?
90 Height and Head Circumference The head circumference {b) Given that the tax due T'is an increasing Hnear function

.C of a child is related to .the height I of the child (both in of modified adjusted gross income g, find the range of
inches) through the function the function T.

H(C) = 215C — 1053 (¢) Find adjusted gross income g as a function of federal
() Express the head circumference C as a function of height 2. income tax T. What are the domain and the range of this

(b) Verify that C = C(H) is the inverse of # = H(C) by function?
showing that H{C(H)) = H and C(H(C)) = C. 94, Income Taxes The function
)] E:}?;:tt at]]fe head circumference of a child who is 26 . | T(g) = 1785 + 0.15(g — 17,850)
; . . represents the 2013 federal income tax 7 (in dollars) due for
1 %dea] Boc?y V\_Felght One model f.or the 1d'eal bod‘y ‘.ﬁelgh ¢ W a“married filing jointly” filer whose modified adjusted gross
or me; (1; k;luograjms) as a function of height / (in inches) is income is g dollars, where 17,850 = g = 72,500,
given by the function (a) What is the dorhain of the function T?
W(h) = 30 + 2.3(h — 60) (b) Given that the tax due T'is an increasing linear function

of modified adjusted gross income g, find the range of
the function 7.

(c) Find adjusted gross income g as a function of federal income
tax T. What are the domain and the range of this function?

{a) What is the ideal weight of a 6-foot male?

(b) Express the height  as a function of weight W.

(c) Verify that h = k(W) is the inverse of W = W (k) by
showing that #(W(h)) = hand W(R(W)) = W. :

(d) What is the height of a male who is at his ideal weightof 95, Gravity on Earth If a rock falls from a height of

80 kilograms? 100 meters on Earth, the height H (in meters) after / seconds
[Note: The ideal body weight W for women (in is approximately
kilograms) as a function of height h (in inches) is given by 2
H(t) = 100 — 4.9¢
W(h) =455 + 2.3(h — 60).] . 0 ( )' o
92. Ten c son Th tion F(C) = >C + 32 (a) In gencral, quadratic functions are not one-to-one.
perature Conversion ‘The function F(C) 5 However, the function # is one-to-one. Why?
converts a temperature from C degrees Celsius to F degrees {b) Find the inverse of H and verify your result.

Fahrenheit. {c) How long wiil it take a rock to fall 80 metess?




