SECTION 6.3 Trigonometric Equations 487

rE){AMPLE 9 ] Solving aTrigonometric Equation Using ldentities

Solve the equation: cos? 0 + sinf =2, 0 <6 < 27

Solution  This equation involves two trigonometric functions, sine and cosine. Using a form of
the Pythagorean Identity, sin? @ + cos® @ = 1, rewrite the equation in terms of sin 6.
cos’ f + sin@ = 2
(1 —sin?0) +sin@ =2 cos’ =1—sin*0
_ sinf —sinf +1 =0
This is a quadratic equation in sin 6. The discriminantis b* — 4ac =1 — 4 = —3 < 0,
Therefore, the equation has no real solution. The solution set is the empty set, .

« Gheck: Grapil Y; = cos?x + sinx and ¥; = 2 to see that the two graphs never
== intersect, so the equation ¥; = ¥; has no real solution. (5]

5 Solve Trigonometric Equations Usind a Graphing Utility

The techniques introduced-in this section apply only to certain types of
trigonometric equations. Solutions for other types are usually studied in calculus,
using numerical methods.

( EXAMPLE 10 ] ‘Solving aTrigonometric Equation Using a Graphing Utility

Solve:Ssinx +x =3

Express the solution(s) rounded to two decimal places.

Solution  This type of trigonometric equation cannot be solved by previous methods. A graphing

ure 25 utility, though, can be used here. Each solution of this equation is the x-coordinate of
Yy =5sinx+x a point of intersection of the graphs of ¥; = Ssinx + x and ¥, = 3. See Figure 25.
14 N There are three points of intersection; the x-coordinates provide the solutions.
i ' Use INTERSECT to find

x = 0.52, x = 3.18, x=57

Yo=3
4

The solution set is {0.52,3.18, 5.71}. ‘ (]

- — sommme— oW Work prosLEM 81

0.3 Assess Your Understanding

“Are You Prepared?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red.

!'1- Solve:3x — 5 = —x + 1 (pp. A63-A065) . 4. Find the real solutions of x2 — x — 1 = 0. (pp. 140-143)
B [ 8 5. Find the real solutionsof (2x — 1)2 —3(2x — 1) —4=0."
= 2.sin )= — COS(T) = . (pp.395-400) (pp. 144-145) . ’
E 6. Use a graphing utility to solve 5x* — 2 = x — x%. Round

'._3- Find the real solutions of 4x? — x — 5 = 0. (pp. AG7T-AG8) answers to two decimal places. (pp. B6-B7)

‘Loncepts and Vocabulary

B
4

i 1 i 3 i %
¢ 7. Two solutions of the equation sin 8 = ) are __and . 9. True or False Most trigonometric equations have unique
- . : 1 ) solutions.

4 8. All the solutions of the equation sin 6 = 2 are : 10. True or False The equation sin § = 2 has a real solution

that can be found using a calculator.

b Skill Building

?" Problems 11-34, solve each equation on the interval 0 < 8 < 2.

xacy A 1L 2sing+3=2 ; 12.1;(:039:% 13. 4cos*9 =1
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14. tan23=% 15, 2sin* 6 — 1 =0 16. 4cos’f —3 =10
N . ] 1
N 17 sin(38) = -1 18. tané-m V3 19, cos(28) = —3
20
20, tan(26) = —1 21, _sec%g = -2 2. cot - = -V3
23, 2sinf+1=290 24, cosd +1=0 25. tan@ + 1 =0
26. V3cot0 +1=0 27 dsecd + 6= —2 28. Scscf—3=2
29. 3V2cos 8 +2 = —1 30, 4sind + 3V3 = V3 31, cos(ZB—Izr—) = 1
ar 0 = 6 1
. si - = . — — | = . 4. —_—— ==
32 sm(39 + 18) 1 33, tan(2 + 3) 1 _ 3 ccos.(3 4) )
In Problems 35— 44, solve each equation. Give a general formula for all the solutions, List six solutions.”
3
\35. sin_6=-;- 36 tanf=1 37 tan6=—%_§ 38, cos&=—% 3. cosf =0
. V2 1 , 8 V3 0
40, sin§ = B . 4l cos(29) = o) 42, sin(28) = ~1 43, sinz = —-5= 44, tan o = -1
In Problems 45-56, use a calculator to solve-each equation on the interval 0 = @ < 21, Round answers fo two decimal places.
N 45, sin @ = 04 46, cos8 = 0.6 47 tan6 =5 48. cotd=2
49, cos 8 = —0.9 50, gin@ = —02 51 sec@ = —4 - 52, ¢cscff = -3
53. 5tanf +9 =10 54, 4cotf = =5 58, 3sin@ —2 =10 56. 4cos@ +3 =10
It Problems 57— 80, solve each equation on the interval 0 = 8 < 2.
57, 2cos*6 + cos 8 = 0 58, sin*0 - 1=0 N\, 59. 25?0 —sinf — 1 =0
60, 2cos’8 +cos@—1=0" 6L (land — 1) (secé —1) =0 62, (cot9+1)(csc9-—%)=0
63. sin’d — cos’@ = 1 -+ cos § 64, cos?0 — sin’d + sind = 0 65. sin®0 = 6(cos(-0) + 1)
66. 2sin% = 3(1 — cos(~8)) 67, cos 8 = —sin(—8) 68. cos —sin(—0) =0
69. tan 6 = 2sing 70. tan 6§ = cot § . 7L 1 4+ sin@ = 2cos’0
72, sin’g = 2cosB + 2 73, 25in’9 — S5sin@ +3 =0 74, 2cosd — Tcos8 —4 =0
75. 3(1 — cos ) = sin’0 76. 4(1 + sin8) = cos™0 77, tan’e = %sccs ';
78, csc?6 = cot§ + 1 79. sec? + tan @ = 0 80, secf = tan @ + cot
‘ % In Problems 81-92, use a grap}zirig utility to solve each equation. Express the solution{s) rounded ta two decimal places.
™\ 81 x + 5cosx =0 82, x —4sinx=0 - 8322 - 17sinx =3 84, 19x + 8cosx = 2
85 sinx +cosx =x B6. sinx — cosx = x 87 x* —2cosx =0 88, 2% + 3sinx =0
89, x* — 2sin(2x) = 3x 90, x? = x + 3 cos(2x) 91 6sinx — =2, x>0 92 dcos(3x) —ef =1, x>0
e |

— Mixed‘ Practige

93, What are the zeros of f{x) = 4sin’x — 3 on the interval  95. f(x) = 3sinx | A
[0,27]? . (a) Find the zeros of fon the interval [ —2a, 4 ].
(b) Graph f(x) = 3 sinx on the interval [ —2, 477 ).

.

04, What are the zeros of f(x) = 2cos (3x) + 1 on the 3 .
(¢} Solve f{x) = 5 on the interval [ —2sr, 47 |, What points

intervat [0, 7 are on the graph of f ? Label these points on the graph
drawn in part (b).




d) Use the graph drawn in part (b) along with the results of

=

part (¢) to determine the values of x such that f(x) )

on the interval [ — 2w, 47 ],

S f(x) = 2cosx

a) Find the zeros of fon the interval [ ~2m, 4z ].

b) Graph f(x) = 2cos x on the interval [ -2, 47 ].

¢) Solve f(x) = —4/3 on the interval [ ~27, 4w }. What
points are on the graph of f ? Label these points on the
graph drawn in part (b).

(d) Use the graph drawn in part (b) along with the results
of part (c) to determine the values of x such that
flx) < - V3on the interval [ —2m, 47 ].

f(x) = 4tanx
(a) Solvef(x} = —4.

(b) For what values of x is f(x) < —4 on the interval

(-53)

(a) Solve f(x) = — V3.

(b) For what values of x is f(x) > ~%/3 on the interval
©m7 |

9, (a) Graph f(x) = 3sin{2v} + 2 and g(x) :% on the

same Cartesian plane for the interval {0, 7 ].

{b} Solve f{x) = g(x) ontheinterval [0, 7 ],and label the
points of intersection on the graph drawn in part (a).
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(c) Solve f{x) > g{x) on theinterval [0, 7 ].

(d) Shade the region bounded by f(x) = 3sin(2x) + 2
and g(x) = %between the two points found in part (b)
on the graph drawn in part (a).

"100. (a) Graph f(x) = 2cos% + 3 and g{x} = 4 on the same

Cartesian plane for the interval [0, 4w ].

(b) Solve f(x) = g(x) on the interval [0, 47 ], and label
the points of intersection on the graph drawn in part (a).

{c) Solve f{x} < g(x) on theinterval {0, 47].

(d) Shade the region bounded by f(x) = 2003% + 3 and
g(x) = 4 between the two points found in part {b) on
the graph drawn in part (a).
101, (a) Graph f(x) = —4cosxandg(x) = 2cosx + Jonthe
same Cartesian plane for the interval [0, 27 ].
(b} Solve f(x) = g(x) on the interval [0, 27 ], and label
the points of intersection on the graph drawn in part (a).
(¢} Solve f(x) > g(x) on the interval [0, 27 ],
{(d) Shade the region bounded by f(x) = —4cosx and
g{x) = 2cosx + 3 between the two points found in
part (b) on the graph drawn in part (a).
102. (a) Graph f(x) = 2sinx and g(x) = ~2sinx + 2 on the
same Cartesian plane for the interval [0, 27 ].
(b) Solve f(x) = g(x) on the interval [0, 27 ], and label
the points of intersection on the graph drawn in part (a).
(¢} Solve f(x) > g(x) ontheinterval [0, 27 ],
(d) Shade the region bounded by f(x) =2sinx and
g{x) = —2sinx + 2 between the two points found in
part {b) on the graph drawn in part (a).

J

pplications and Extensions

3. Blood Pressure Blood pressure is a way of measuring the
' amount of force exerted on the walls of blood vessels. It is
. measured using two numbers: systolic (as the heart beats)
blood pressure and diastolic (as the heart rests) blood
pressure. Blood pressures vary substantially from person to
person, but a typical blood pressure is 120/80, which means
the systolic blood pressure is 120 mmHg and the diastolic
blood pressure is 80 mmHg. Assuming that a person’s
heart beats 70 times per minute, the blood pressure P.of an
individual after ¢ seconds can be modeled by the function

P(1) = 100 + 20 sm(%’l:)

(a) In the intexrval [0, 1], determine the times at which the
blood pressure is 100 mmHg.

(%) In the interval [0, 1], determine the times at which the
blood pressure is 120 mmHg.

{c) In the interval [0, 1], determine the times at which the
blood pressure is between 100 and 105 mmHg.

The Ferris Whee! In 1893, George Ferris engincered the
Ferris wheel. It was 250 feet in diameter. If a Ferris wheel
makes 1 revolution every 40 seconds, then the function
(s =125 sin(0.157t - %) + 125

represents the height /1, in feet, of a seat on the wheel as a
function of time ¢, where ¢ is measured in seconds. The ride
begins when ¢ = 0.

1p

{a) During the first 40 seconds of the ride, at what time ¢ is
an individual on the Ferris wheel exactly 125 feet above
the ground? '

{(b) During the first 80 seconds of the ride, at what time ¢ is
an individual on the Ferris wheel exactly 250 feet above
the ground?

(c) During the first 40 seconds of the ride, over what interval
of time ¢ is an individual on the Ferris wheel more than
125 feet above the ground?

Holding Pattern Anairplaneis asked tostay within a holding

pattern near Chicage’s O'Hare International Airport.

The function d(x} = 70'sin{0.65x) + 150 represents the

distance d, in miles, of the airplane from the airport af time

X,in minutes,

(a) When the plane enters the holding pattern, x = 0, how
far is it from O'Hare?

{b) During the first 20 minutes after the plane enters the
holding pattern, at what time v is the plane exactly 100
miles from the airport?

105,

{¢) During the first 20 minutes after the plane enters the
holding pattern, at what time x is the plane more than
100 miles from the airport?

* (d) While the plane is in the holding pattern, will it ever be
within 70 miles of the airport? Why?
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106, Projectile Motion A golfer hits a golf ball with an initial
velocity of 100 miles per hour. The range R of the ball as
a function of the angle @ to the horizontal is given by
R(0) = 672sin(20), where R is measured in feet.

(a) At what angle @ should the ball be hit if the golfer wants
the ball to travel 450 feet {150 yards)?

(b) Atwhat angle 8 should the ball be hit if the golfer wants
the ball to travel 540 feet (180 yards)? -

(c) Atwhat angle g should the ball be hit if the goifer wants
the ball to travel at least 480 feet (160 yards)?

(d) Can the golfer hit the ball 720 feet (240 yards)?

= 107. Heat Transfer In the study of heat transfer, the equation

2 x + tanx = 0 occurs. Graph ¥; = —x and ¥; = tanx for
x = 0. Conclude that there are an infinite number of points
of intersection of these two graphs. Now find the first two
positive solutions of ¥ + tan x = 0 rounded to two decimal
places.

108, Carrying a Ladder around a Corner Two hallways, one of
width 3 feet, the other of width 4 feet, meet at a right angle.
See the illustration. It can be shown that the length L of the
ladder as a function of § is L.(8) = 4csc@ + 3secd.
/& (a) Incalculus,you are asked to find the length of the longest
ladder that can turn the corner by solving the equation
3secftand — dcsc@cotf =0, 0°< g <90°

Solve this equation for 6.

(b) What is the length of the longest ladder that cqp
carried around the corner?
% {c) Graph L = L(6),0° = 8 = 90°, and find the angle ¢
that minimizes the length L. ;
(d) Compare the result with the one found in pap )
Explain why the two answers are the same. )
109, Projectile Motion The horizontal distance that a projecyy,
will travel in the air (ignoring air resistance) is given by the
equation
v§sin(24)
8

where v, is the initial velocity of the projectile, 6 is the ang),

of elevation, and g is acceleration due to gravity (3.8 metey

per second squa::ed).

(2} If you can throw a baseball with an initial speed of 343
meters per second, at what angle of elevation 8 shoylg
you direct the throw so that the ball travels a distance
107 meters before striking the ground?

(b) Determine the maximum distance that you can throw
the ball. o
(c) Graph R = R(8), with vp = 34.8 meters per second. .
== (d) Verify the results obtained in parts (a) and (b) usinga
graphing utility. :
110. Projectile Motion Refer to Problem 109,

(a) If you can throw a baseball with an initial speed of 4
meters per second, at what angle of elevation # should
you direct the throw so that the ball travels a distance of
110 meters before striking the ground?

(b Determine the maximum distance that you can throw
the ball.
(c) Graph R = R(8), with vy = 40 meters per second,
=3 (d) Verify the results obtained in parts (a} and (b) usings
graphingutility.

R(8) =

/K The following discussion of Snell's Law of Refraction* {named
after Willebrord Snell, 1580-1626) is needed for Problems 111-118.
Light, sound, and other waves travel at different speeds, depending
on the medium (air, water, wood, and so on) through which they
pass. Suppose that light travels from a point A in one medium,
where its speed is.vy, to a point B in another medium, where ifs
speed is vy. Refer to the figure, where the angle 8, is called the angle

Angle of .
A incidence

Incident ray,~¢ 84
speed v,

Refracted ray,
speed v,

b,
\ B
Angle of
refraction

*Because this law was also deduced by René Descartes in France, it is also known as Descartes’ Law.

of incidence and the angle 8, is the angle of refraction. Snell's Lav, 3
which can be proved using calcilus, states that

sinfy v

. Vi, . . .
. The ratio — is called the index of refraction. Some vafues are gives

sinfy v

vV
in the table.

Some Indexes of Refraction

Medium ’ Index of Refractiont
Water ' ' 1.33
Ethyl alcohol (20°C) : 1.36
Carbon disulfide 1.63

Air {1 atm and 0°C) 1.00029
Diamond 242
Fused quartz 146
Glass, crown 1.52
Glass, dense flint 1.66
Sodium chloride 1.54




The index of refraction of light in passing from a vacuum
io water is 1.33. If the angle of incidence is 40°, determine
he angle of refraction.

The index of refraction of light in passing from a vacuum
to dense flint glass is 1.66. If the angle of incidence is 50°,
etermine the angle of refraction.

tolemy, who lived in the city of Alexandria in Egypt during
he second century an, gave the measured values in the
ollowing table for the angle of incidence 8; and the angle
f refraction &, for a light beam passing from air into water.
“ Do these values agree with Snell’s Law? If so, what index of
. refraction results? (These data are of interest as the oldest
ecorded physical measurements.)

8, 0, 9,

8° 50° 35°0°
15°30/ 60° 40°3¢7
22°3¢ 70° 45°30°
29°0° 806° 50°0/

Bending Light The speed of yellow sodium light (wavelength
589 panometers) in a certain liquid is measured to be
1.92 % 108 meters per second, What is the index of refraction
of this liquid, with respect to air, for sodium light?#

[Hint: The speed of light in air is approximately 2.998 X 10°
‘meters per second.]

cussion and Writing
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115. Bending Light A beam of light with a wavelength of 580
nanometers traveling in air makes an angle of incidence
of 40° on a slab of transparent material, and the refracted
beam makes an angle of refraction of 26°. Find the index of
refraction of the material.®

116. Bending Light A light ray with a wavelength of 589
nanometers (produced by a sodium lamp) traveling through
air makes an angle of incidence of 30° on a smaooth, flat slab
of crown glass. Find the angle of refraction.®

117, A light beam passes through a thick slab of material whose
index of refraction is #;. Show that the emerging beam is
parailel to the incident beam.

118. Brewster’s Law If the angle of incidence and the angle of
refraction are complementary angles, the angle of incidence
is referred to as the Brewster angle 8. The Brewster angle
is related to the indek of refractions of the two media, iy
and n,, by the equation nysin 85 = ny cos O, where ny is -
the index of refraction of the incident medium and », is the
index of refraction of the refractive medium. Determine .
the Brewster angle for a light beam traveling through water
{(at 20°C) that makes an angle of incidence with a smooth,
flat slab of crown glass.

*For light of wavelength 589 nanometers,measured with respect to a vacuum.
The index with respect to air is negligibly different in most cases.
fAdapted from Halliday and Resnick, Fundarmentals of Physics, Tth ed.,
2005, John Wiley & Sons.

Explain in your own words how you would use your
calculator to solve the equation cosx = —0.6,0 =< x < 27,
How would you modify your approach to solve the equatlon
cotx = 5,0 <x <2n?

120. Explain why no further points of intersection (and therefore
no further solutions) exist in Figure 25 for x < —= or
X > 4

etain Your Knowledge

30 that you are better prepared for the final exam.
121, Conveit 6

2x% — Ox + 8.

3V10

122. Find the complex zéros of flx) =

V10

123, (i = —
Given sin @ 0 10

oblems 121-124 are based on material learmed earlier in the course. The purpose of these problems is to keep the material fresh in your mind

= y to an equivalent statement involving a logarithm,

and cos # = ———, find the exact value of each of the four remaining trigonometric functions.

124, Determme the amplitude, period, and phase shift of the function y = 2%in (2x — ). Graph the function. Show atleast two penods.

-

re You Prepayed?’ Answers

2 2

O TR I e

PREPARING FORTHIS SECTION Before getting started, review the following:
e TFundamental Identities (Section 5.3, pp. 411-413) « Even-0dd Properties {Section 5.3, pp. 416-417)

‘\\ Now Worl the ‘Ave You Prepared?’ problems on page 496.

QBIECTIVES 1 Use Algebra to Simplify Trigonometric Expressians (p. 493)
\_ 2 Establish ldentities (p. 493) Y,




