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Solution  Startwith the left side and multiply the numerator and the denominator by 1 + g, g
(Alternatively, we could multiply the numerator and the denpminator of the lighi
side by 1 — sin 6.)
1 —sinf _ 1—siné . 1+ sin6@ Multiply the numerator and
cos 0 cos @ 1+ sin@ thedenominator by
1 -—sin’6
cos (1 + sin 6)

. cos® @

~ cos@(1 + sinf)
_ cos@

"1 +sind

Divide out [

mmmm——=-flpw Work srosLzm 55

Although a lot of practice is the only real way to learn how to establish identitjes
the following guidelines should prove helpful. '

WARNING Be careful not to handle A P - .
idsntities to be established as f Guidelines for Establishing ldentities

they swete: comiitional. equatits. 1. It is almost always preferable to start with the side containing the more
You cannot establish an identity by complicated expression

such methods as adding the same

expression to each side and obtaining 2. Rewrite sums or differences of quotients as a single quotient.
a true statement. This practice is not- 3. Sometimes rewriting one side in terms of sine and cosine functions only
allowed, because the original statement will help

is precisely the one that you are . . . , ; ;
trying to establish. You do not know 4. Always keep the goal in mind. While manipulating one side of the

until it has been established that it is, expression, keep in mind the form of the expression on the other side.
in fact, true. [°]

64 Assess Your Understanding

‘Are You Prepared?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red.

1. True or False sin’ 8 = 1 — cos? 8. (p. 412) 2. True or False sin(—0) + cos (—8) = cos@ — sinf.
(p. 416)
Concepts and Vocabulary
3. Suppose that f and g are two functions with the same 6. True or False sin(—@) + sing = dfor any value of 4.
domain. If f(x) = g(x) for every x in the domain, the 7. True or False Tn establishing an identity, it is often easiest 0
equationiscalleda(n)  .Otherwise, it is called a(n) just multiply both sides by a well-chosen nonzero expression
— equafion involving the variable.
2 20 — . . m
4. tan"0 —sec’0=_ . 8. True or False tan 0+ cos 6 = sin @ forany 6 # (2k +1)7

5. cos(—8) —cosf =

Skill Building

In Problems 9-18, simplify each trigonometric expression by following the indicated direction.

™\ 9, Rewrite in terms of sine and cosine functions: 12. Multiply s Yy ks B.
' . 1+cos@ 7 1—cosd
tan 8- csc @ N\ 13, Rewrite over a common denominator:

sin® + cos® _ cos® — sin 6

10. Rewrite in terms of sine and cosine functions:

. cos @ sin 8
cot 0+secd 14, Rewrite over a common denominator:
1 1
s0 1 +sing 1—cosw ' 1+ cosv

N o Multiply 1 io

sin @ y1 + sin @’




{(sin@ + cos @) (sinf + cosd) — 1

problems 19-100, establish each identity.

AN

20,
23

sec@-sinf = tan@
cosB(‘tanB + cot@) = cscd

csefrcosd = cot @

, | + cot?(—8) = csc?0

Multiply and simplify: e — 17. Factor and simplify:
~ (tan@ + 1) (tan g + 1) — sec?d o
Muttiply and simplify: e 18. Factor and simplify:

21,
24,
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SECTION 6.4 Trigonometric Identities

3sin’@ 4 dsing + 1
sin®g + 2sing + 1
coste — 1

cost @ — cosf

1 -+ tan®(—8) = sec’ 0
sin @{cot @ + tan §) = sec@

- tan 1 cotu — cos?u = sin® u 26, sinucscu — cos’u = sin® i ™\ 27 (sech — 1) (secd + 1) = tan’0
. (cscd — 1) (escf + 1) = cot? 4 29, (sec® + tanf) (secd —tand) =1 30, (cscf + cotf){cscd —cotf) =1
L cos? (1 + tanf) =1 32. (1 - cos?8) (1 +cot?9) =1 33, (sin0 + cos8)® + (sin@ — cos )% =2
(, tan @ cos’ @ + cot? @ sin? 0 = 1 35, sect§ — sec? @ = tan* @ + tan* 9 36, csct @ — csc®§ =.cot' 8 + cot’§
3 e ) 4 . 2. ) L __ cosu
CcOS°X — COSY — SIN“X COS X 38. tan’x + tanx = secxtanx 30, secu —tanu = ———
i - 1+ sinu
cscu—cotu=—-EEL 41, 3sin? @ + 4cos? 6 = 3 + cos? 8 42, 9sec? 6 — Stan? 6 = 5 + dsec’ @
1+cosu ] _
) . 3 .
cos” 8 sin® & 1+ tanv cotv-+1
_ Y sine 44,1 - ———— = —cosf 45, =
1+ siné s 1-cos@ cos . 1—tanv cotv-—1
“escv—~1 1 —sinw secf  sing csef — 1 cot 8
= - 47. —— =21 48, =
cgev+1 1+sinv cscf  cos@ an @ cot @ cscf+ 1
1+sing _cscf+1 50 cos@ +1 1+secd N g 1—sinv COSV 5o
1—sinf csef—1 "cosf—~1 1-—sech T cosw 1—sinw
" eosu 1 +sinv . sin @ 1 sin? @
. - =2 53. — = 84,1 -— = g
1+ sinv cos v secv sin® —cosf 1 —cotd 1 +cosé cos
1—sind 1 —cos@ cos @ sin@ .
= — tan@)? 56, ———— = - E 57, — =sind +
1+ siné (secd and) 6 1+ cost (csc8 = cot 0) 1—tan@ 1 — coth sm cos 8
cotd tan # cos @
=1 + tan & + cot L tand + ——— = g
1—tan@¢ 1 - cotéd At cot 0 59. tan 1+sind oee
sin # cos 8- tan # tan @ 4+ secd — 1 sin@ —cos@+1 sing+1
X = 6l, —————=tand + se 62, — =
cos?d —sin?§ 1 — tan*#@ tan® —secd + 1 secd sing + cos@ — 1 cos §
— cot — cos § in® ) — cot
! tan @ — cot 8 _ sin20 — cos? 8 64, secl —cosf _  sin’@ 65. tanu - cotu 1= 2sic?u
{an @ + cot § sech +cosf 1+ cos’d tan u + cotu
fa - ¢ot 8+ 7] -
 Ann Ol H | s o =1 gy, =2 HRY tand tan 8 sec @ 68. secf 1 - czosﬁ'
tann + cotu cotf + cos @ 1 +sect sin* 8
1 - tan? 1 — cot? 4 8 —
.ﬁ_—%—e-+1=2c0529 .—M+2c0523=1 N7 w=sin3—cosﬂ
1+ tan? o 1+ cot?0 sec @ csc
")
sin“ g — tan @ L
—T*W*jm—:tanzﬂ 73. sec@ —cos @ = sinftand 74, tan @ + cot 8 = secdcsc
3 cos*§ — cot @ -
1 1 1+sing 1 —sing sec 1+ siné
i - " — = 2 sec’ 76. — — =4 6 7. — =
g— 1—sing 1 +sing sec” 0 1 —sin® 1-+sind fan 0 sec 1 —siné cos @
g 1+ g secv — tanw)? + 1 2y — tantv +t
2 romé (sech + tand)? . ( ) = 2tanv g, LCV TN T Y — sinv + cosv
I —sing cscv(secv - tanv) secw
] sind + cos @ _ sinﬂf cos f — secd cscd 82 sin9.+ cosf cosf — sin @ = secfcscf
cos @ sin 8 sin & cos @
. si1_139 +cos’d 1 sin cos 8 8;1. $in* @ + 002538 __sec — sind
sind + cos @ . 1—2cos" @ tanf — 1

cosf + sin@ — sin® @

sin &

"1 +sind —cosf

sin # cos #

(2 cos? 0 — 1)

cost g — sin® .
85, szm 6 _ cos 6 as. - = cot ¢ + cos’8 87 7 el S 2sin’ 9
1 — tan®@ sin 8 cos* g — sin* @
1- 2 ing + ' + s
83-M=tan8—cot6 g9 1+sin8+cosd 1+ cosd 90 M—sec9+tan6

"1+ cosf —sing

“
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91, (asin@ + bcosB)? + (acosf — bsinf)? = 2% + b 92. (2asindcos #)? + a*(cos’ 8 — sin 8)? = a?
tan o + tan 8
 ————————— = tlanatan 8
cota + cot B

94, (tana + tan B) (1 — cotecot B) + (cota + cot B) (1 — tana tan ) = 0
95, (sina + cos 8)? + (cos B + sine) (cos B — sina) = 2cos B(sina + cos B)

96. (sine — cos B8)* + (cos B + sina) (cos B — sina) = —2cos B(sina — cos B)
97. In jsec 8| = —In|cos 8] 98. In {tan 6] = In [sin @] —~ In |cos 6]
99, In |1 + cos | + Inll — cos 8 = 21n |sin g 100, In |secd + tan 8| + Infsecd — tand| = 0

In Problems 101-104, show that the functions f and g are identically equal.

101, f(x) =sinx - tanx  g{x) = secx — cosx 102. f(x) =cosx - coty. g{x) =cscx —sinx
1 —sing cos 8 cos @
103, f(8) = st Tiand g{6) =0 104, £(8) = tan 6 + sec_‘_f.? g(8) = T

' , 3
/& 105. Show V16 + 16 tan?6 = d sec§if — % <9 <% £ 106. Show V9sec? 9 — 9 = 3tanfife =6 < 7”

Applications and Extensions

——

107, Searchlights A searchlight atthe grand opening of anewcar 108, Optical Measurement Optical methods of measuremep

dealership casts a spot of light on a wall located 75 meters often rely on the interference of two light waves. If twg
from the searchlight. The acceleration r of the spot of light - light waves, identical except for a phase lag, are mixed
is found to be r = 1200sec8(2 sec?f — 1)}. Show that together, the resulting intensity, or irradiance, is given
B 1+ sin?6 . o{escd — 1) (secd + tan @) o
this is equivalent to r = 1200 (—3) by &= 44 cse f sec @ » Show that this s
cos” 8 ; 2
Source; Adapted from Hibbeler, Engineering Mechanics: equivalent to ], = (24 cos 6)".
Dynamics, 10th ed,, Prentice Hall © 2004, Source: Experimental Technigues, Tuly/ August 2002

Discussion and Writing

109. Write a few paragraphs outlining your strategy for establishing 111. Why do you think it is usnally preferable to start with the
identities. side containing the more complicated expression when

establishing an identily?

110. Write down the three Pythagorecan Identities.
- 112. Make up an identity. that is not a Fundamental Identity.

—Retain Your Knowledge \
Problems 113-116 are based on material learned earlier in the course. The purpose of these problems is to keep the material fresh in
your mind so that you are better prepared for the final exam.

113. Determine whether f{x) = —31% + 120x + 50 has a maximum or a minimum value, and then find the value.

) 1 - !
114, Given fix) = ) and g(x) = 3x — 4, find feg.
115. Find the exact values of the six trigonometric functions of an angle @ if (—12, 5) is a point on its ter}hinal side in standard
position. e
116. Find the average rate of change of f{x) = cosx from 0 to g ‘
.. . —

‘Are You Preparad?’ Answers

1. True 2, True







